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Abstract. We prove Liouville theorems for Dirac- harmonic maps from the 
Euclidean space R™, the hyperbolic space H™ and a Riemannian manifold 6 n 
[n > 3) with the Schwarzschild metric to any Riemannian manifold N . 
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1. Introduction 

Let (M n , g) be a Riemannian manifold with fixed spin structure, SM its spinor 
bundle, on which we chose a Hermitian metric (■,■). Let V be the Levi-Civita 
connection on EM compatible with (-, ■) and g. Let be a smooth map from M 
to a Riemannian manifold (N, h) of dimension n' > 2 and (f)~ l TN the pull-back 
bundle of TN by <fi. On the twisted bundle EM ® _1 TiV there is a metric (still 
denoted by (•, •)) induced from the metrics on EM and _1 TiV. There is also a 
natural connection V on EM ® (j)~~ l TN induced from those on EM and _1 TiV. 
In local coordinates {x a } and {y 1 } on M and N respectively, we write the section 
ip of EM <g> (j)~ l TN as 

ip(x) = ip j (x) <g> d y j(4>(x)), 

where ip l is a spinor on M and {d y j} is the natural local basis on N, and V can 
be written as 

VV>(ac) = V^(x) ® + r} fc V^'(x)V fc (x) ® d yi (<j)(x)). 

Here and in the sequel, we use the summation convention. 
The Dirac operator along the map <p is defined as 

:= e a ■ Ve^V 

= ® d yi {<j){x)) + T) k V ea ^{x)e a ■ ^ k (x) ® ^(0(x)), 
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where {e a } is the local orthonormal basis of M and <f) := e a ■ V ea is the usual 
Dirac operator on M. The Dirac operator pis formally self-adjoint, i.e., 

(1.1) / (V>,#0 = / (PM, 

J M J M 

for all G r(EM ® <fi~ l TN). For properties of the spin bundle EM and the 
Dirac operator ft, we refer the readers to [7] or [6]. 
Let us consider the functional 

(1.2) L(0,V) / [|#| 2 + (^#)], 

where (V>,£) := M^XV^}, for G r(SM ® ^TN). 
The Euler-Lagrange equations of L are (see [2]): 

(1.3) r i (0) = ^ jM (0)(^V^-^), 

(1.4) := W + r} fc (0)9 Q ^e a ■ v> fc = 0, 

i = 1, 2, • • • , n' :— dimA^, where r(0) is the tension field of the map (f>. 
Denoting 

n(M) := ^V/(0)(V fe , V0»' • ® d yi , 

then fll.3p and (11.41) can be written as: 

(1.5) r(0)=7e(0,VO, 

(1.6) pip = 0. 

We call solutions (0, ip) of the coupled system (jl.3p and (jl.4p Dirac-harmonic 
maps from M into iV. The system (11.31 H-41) arises from the supersymmetric 
nonlinear sigma model of quantum field theory by making all variables commuting 
(see [2] and [3]). Thus, Dirac-harmonic constitute a natural extension of the 
harmonic maps thoroughly studied in geometric analysis. An obvious question 
then is to what extent the structural theory of harmonic maps generalizes to 
Dirac-harmonic maps. 

In the present paper, our starting point in this direction is [5], where, mo- 
tivated again by considerations from quantum field theory, it was proved that 
any harmonic map of finite energy from the Euclidean space W 1 (n > 3) into 
a Riemannian manifold A" must be constant. In [IT], this vanishing property 
was shown for the case of the domain manifold H n , the hyperbolic space. These 
Liouville theorems are a consequence of the non-invariance of the energy func- 
tional under conformal transformations, and the fact that there exist conformal 
vector fields on the domains. In [10J, these results were extended to the case 
where the domain is a Riemannian manifold & n with the Schwarzschild metric 
(see definitions and notations in section 3). 

In contrast to harmonic maps, the integrands in the functional L for Dirac- 
harmonic maps are not nonnegative in general, and the energy functional should 
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be chosen as follows (c.f. [2] and [3]): 

E{4>^) := [ [|rf0| 2 + |^| 4 +|V^|t]. 

J M 

Our aim is to extend the previous Liouville theorems to the case of Dirac-harmonic 
maps. We will prove the following 

Theorem 1.1. Let M n be one of MP, EP ; & n , n > 3, N be any Riemannian 
manifold. Let <fi : M ^ N be a map and ip G T(SM <g> 0~ 1 TA^). If ((f>,ifj) is a 
Dirac-harmonic map with finite energy: 

(1.7) E(M):= |[|#| 2 + |V>| 4 + |V#]<oo, 
then (p must be constant and if) = 0. 

In fact, the supersymmetric a-model in superstring theory includes an addi- 
tional curvature term in addition to (11. 2p . Turning again the components of if), 
which in quantum field theory take values in some Grassmann algebra and anti- 
commute with each other, into ordinary spinor fields on M, we have the following 
functional: 

(1.8) L c (^if>):=\ [ [|#| 2 + <^,#> -^Rikjii^H^M- 

We call the critical points ((f), if)) of L c Dirac-harmonic maps with curvature term. 
We should point out that the factor — | in front of the curvature term in (II. 8p 
is dictated by supersymmetry. Since in our treatment of the functional, we shall 
not utilize this symmetry, the value of this coupling constant will not be essential 
for us, except that changing it from negative to positive values would also change 
the sign in the curvature condition in Theorem 1.2 below. In other words, with 
a positive instead of a negative coupling constant, we would obtain a vanishing 
for negatively curved targets. 

The Euler-Lagrange equations of the functional L c are (see section 2 below): 

(1.9) r m (0) - \R m uM\ V0' -V) + ^h^R ikjl . p (^,^)(^ k ,^) = 0, 

(1.10) pip m = ^R m ]kl (^,^ k , m=l,2,...y. 

For solutions of this system, we also have a Liouville theorem. However, due to 
the presence of the curvature term in the functional L c , we will need a condition 
on the curvature of the target N, namely that N has positive sectional curvature. 

Theorem 1.2. Let M, N, <p and ip be as in Theorem 1.1, suppose N has positive 
sectional curvature. If ((f), if)) is a Dirac-harmonic map with curvature term with 
finite energy, then (f> must be constant and if> = 0. 
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2. The Euler-Lagrange equations for L c 
Let us first derive the Euler-Lagrange equations for L c . We put 

A := h t3 {^)g a ^^ B := %(0)<#,#^>, R : = -1^,(0)^, ^')(^, 



and have 



First, noting that 



and 



we have 



L c =i / (A + B + R). 



S^B = 2(<ty>,#> 

= 2/ iii (#\# i > 



= -|i2yHW',^*><^,^>, 



which implies that 



Thus, we obtain i/ie ip- equation for L: 

(2.1) ^ m = ii?» i H<^,vV- 

Second, consider the 0- variation {</> t } with (f) = <f> and ^fr|t=o = 6> we have 



dt 1 2 y M at 1 1 u 2 y M at 

(2.2) := I 1 + I 2 + I 3 . 

For the term Ji it is well-known that (see e.g. [32] or [6]) 

(2.3) J i = " / himr'WC- 
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For I 2 we choose an orthonormal basis {e Q |a = 1, 2, • ■ ■ ,n} on M with [e a , d t ] = 0. 
Note that 

(2.4) := (^,#) + (V,V 5t #). 

One can compute 

V 9i Z# = V at (e Q -V e » 

= e« ■ V ea ip l ® V 9t 9 y i + e« • ^ ® [V^V^fy + R(d t , e Q )d yi ] 



e a ■ V e M ® V dt d y i) + e a ■ p <g> R N {d<j){d t ), d<j>{e a ))d y i 



= pil Jt + e a -iJj l ®R N {d(j ) {d t ),d ( j>{e a ))d yi . 
It follows that 

(2.5) (V, V 9t #) = (V, pipt) + e a ■ V ® R N (d<j>(d t ), d<f>(e a ))d yi ). 
Since 

R N (dcl ) (d t ),d ( t ) (e a ))d yi \ t= o = R N (Cd ym A l Q d yl )d y > 

we have 

(rP,e a -rp i <g>R N (dc(>(d t ),dcl>(e a ))d yi )\t =0 = (^r^L^®^.^) 

= {^W^-^RmU^- 

From this formula and ( 12.5ft we have 

<v, v dt m \ t=0 = (if> } m u=o + V0 z • ^)R m u 3 r. 

Combining this with f!2.4[) we obtain 
Thus, we have 

(2.6) I 2 = ~ [ [(V*, + U=0 + J / V0' • ^RmKjC- 

A J M 1 J M 

From 

i/) t = V 9t (^ ® ^i)| t=0 = v* ® V #( a t) ^ | t=0 = ® r- m ^, 

we have 

(Vt,#)| t =o = (r#rL®^,l¥®^> 

m„;,i-pfc Th.l,ll 



im,j - = 1 im' l kj 



where T,™ ,• := T^hhi- Therefore 



(2.7) J 2 = / + J / (^\V4> l -^)Rmii^ 

J M 1 J M 
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From (J23D and §Fl§ we obtain 

(2.8) I l + I 2 = l -f [-2h m r\^) + 2(ij\^)Cr im ,j + ■ ^ j )R mU ,}C- 



M 



Using the V'-equation, 

we have 
(2.9) 

h + h = \ I [-2/i m r*(^ + ^r m ^^ 

The term J 3 is easy to compute. 

1 f 1 



Jk m , m W^ k ){^^ l )t m 

1 Jm d 



Substituting this and §ZM into (Q yields 



-2/ ljm r t (0) + (^,V0 z -^') J R ro ai 



(2.10) -^^ ;m (#,v fc )(^',^)]r- 

Here, Rijki-m denotes the covariant derivative of the curvature tensor Rijki with 
respect to Therefore, we obtain the (p-equation for L c : 

(2.11) r m (0) - l -R m uM\ V0' ■ V) + ^h^R^^^)^^ 1 ) = 0. 



3. Proofs of theorems 

Now we start to prove our main Theorems. Suppose X G T(TM) is a conformal 
vector field on (M,g), namely, 

(3.1) L x g = 2fg, 

where / G C°°(M). Here Lx denotes the Lie derivative with respect to X. The 
vector field X generates a family of conformal diffeomorphisms 

F t := exp(tX) : M -> M. 

We will consider the variation of the functionals L and L c under this family of 
diffeomorphisms. 
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In the Euclidean space R n , the vector field X(x) := x is conformal with / = 1. 
Consider M n equipped with a metric 

p = b 2 (dr 2 + a 2 d0 2 ), 

where a, b are radial functions, (r, 0) are polar coordinates centered at the origin, 
and dO 2 stands for the standard metric on the unit sphere § n_1 . Then the vector 
field X := a(r)d r satisfies: L x g = 2fg with / = (ab)'/b, that is, X is a conformal 
vector field (c.f. [TOj ) - Besides the standard Euclidean space M. n , we also consider 
the following cases: 

(i) The hyperbolic space H n = {(x,t) G M n x E|l + x 2 = t 2 }: b 2 = l/(r 2 + 1) and 
a = r/b. In this case, / > 1 and |X(r)| < r. 

(ii) & n with the Schwarzschild metric: a constant slice of the outer region (r > r 
:= 2m) of n + 1-dimensional Schwarzschild space, 6 = 1/ — ^ and a = r/6, 
where m is the mass of a black hole. In this case, < / < 1 and |X(r)| < r. 

Recall the definition of L: 



mij,g) = l I [\d<f>\ 2 + (if>,p/>)]v 



2 



2 ^ 

M 



where v g := ^Jdetg a p)dx is the volume form of M. 

(]:=(|#| 2 + ^WK 
is an n-form on M. We note that for any rj G C^°(M), 



= / d[{t x Q)r)} = / gd(i x tt) + I di] A i x Vl = / r)L x Q + drj A 
7m 7m 7m 7m 7m 



that is, 

(3.2) / r]L x ^l = - drj A 

Jm 7m 

where stands for the inner product with the vector X. 
Now let us compute L X Q. We first recall the following 



Lemma 2.1(c.f. [1]). Let <fi : M N be a map, and X any smooth vector field 
on M . Then 

(3.3) L x (±\d<f>\ 2 v g ) = (d<f>,V{d<j>(X)))v g + ^(L x g,S^)v g , 

(3.4) L x v g = ^(L x g,g)v g , 



where Sj, := ||c?0| g — zs £/ie stress-energy tensor of cj). 
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Second, we note that 
L x ((pi/j,iP)v g ) = (L x (piP,^})v g + (piP^)L x v g 

(3.5) = (L x (piP),^)v g +(PP,L x ^)v 9 + ^(piP^)(L x g,g)v g . 

To continue, we recall that 

flip = e a - VeA 

= # i ®^(0) + (e Q -^ i )0 J a V^.^(0), 

The variation of pip consists of two parts: one with respect to the metric g, the 
other with respect to the parameterization p of M caused by X, namely, 

(3.6) j t (pip)\t=o = 5 9 m)+t P m)- 

Lemma 2.2. The first variation is: 

(3.7) 5 g (pj>) = - l -e a ■ V KM i> + A ■ V, 

where A := ^[div g k + c?(Tr g A;)] ; k := L x g and K is a (l,l)-tensor on M defined 
by 

g(K(e a ), e p ) := k(e a , e p ) = L x g(e a , e p ). 

Proof. The proof follows closely See also [8]. In order to obtain ( 13. 7p . we first 
note that given any real n— dimensional vector space V equipped with a metric g, 
then for any other metric g' on V, there exists a unique positive endomorphism 
H on V such that g'(-, ■) = g(H(-), ■). It is clear that b g r >g := H~ 1 / 2 transforms 
g— ortho normal frames to g'— orthonormal frames. And consequently, we have an 
S*O n -equivariant map from the manifold P{g) of g— orthonormal frames to the 
manifold P(g') of g'— orthonormal frames. 

Since M is spin, the map b g r >g can be lifted to a S'pin n ,-equivariant map (3 g i >g : 
P(g) — > P(g')- Extend b g ^ g and (3 g ^ g to an SC^-equivariant map b g ^ g : P S o(M, g) - 
P so (M,g') and a Spm n -equivariant map (3 g ^ g : P Sp in{M,g) -> P Spin (M,g') re- 
spectively. Denote the spin bundles with respect to g and g' by S 9 M and E fl /M 
respectively, then the map (3 g ^ g extends to an isometry /3 g i >g : S 9 M — > E s /M of 
Hermitian bundles. Clearly, = {3g t g>. 

For the Dirac operator p, we consider the transformation operator acting on 
the spin bundle E 9 M: 

Pg',9 '■= Pg'igPg'Pg'w 
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where p g > denotes the Dirac operator Jf) with respect to the metric g' on M, 
namely, 

Ps'ip = ^V i ®^(0) + (e ay - ^)®V ea ^V dv .d yi {^) 
= fotf ® d yi {4>) + (grad^' • ® Va s .^(0); 

here, {e ai9 /} denotes the g'— orthornormal frame, which is transformed via b g>g i to 
the g— orthornormal frame {e a }: 

bg,g'\ e a,g') = e a- 

Hence, 

= fyg',gi>* ® dy* + Kg 1 (grad^ ) • ip l <g> Vg^ 

(3.8) = ^V^S^+Ve^^ea-^^Va^V 

For the variation {g t } of (7 with -jr|t=o = L x g, we have 

#0.^ = %uvf ® + V e „,/'(e a • V*) ® V^fy, 
from which we have 

(3-9) j t (p 9u9 m=o = ^(^J| t =o^®^+Vd (6stB)|t=o(ea) ^(e a ^0®Va H3 .^. 
Since 6 flti9 = (Id + tK)' 1 / 2 , it follows that 

(3-10) Jt^^ = -\ K - 

On the other hand, Theorem 21 in pQ gives us 

(3.11) ^(^ t , 9 )U^ = -\e a ■ V^(e Q )# + A ■ ip\ i = 1, 2, • • • , n'. 
Inserting fl3~T0|) and fl3~TT|) into ([33]) then yields 

j t (p gug ^)\t=o = [~e a • VkmV +A ■ ip*) ® - Iv A - (ea) ^(e Q ■ #) ® V 9yj d yi 
= ~\ e *- [Vx(e Q )^ ® d y i + V* ® V A ( eQ )0 j V 9 fy] + A • V 

This proves Lemma 2.2. Q.E.D. 
Thus, from (13. 7p we have 

(3.12) S g (pP) = ~{L x g)(e a , e p )(e a ■ V e ^) + A-ip. 
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Now we compute the second variation 

8 p (pp) = 5 P W®d yi {ci>) + {e a -^)®V ea d y i\ 

= ® + (e Q • ^) ® S^VeM + JfKLx^ ® fy) 

= <E> V^fy + (e Q • ® V 9t V eQ ^]| t=0 + ® fy) 

= ® V 9t <9 y! + (e Q • ^) <E> V eQ (V^fy) 

+(e a • ^) ® i? JV (^, | t=0 + W ® 9,0 

(3.13) = ^L x ^) + [(e Q -#)® J R JV (^,0 a )^]| t=o . 

Therefore, 



{L x {pl>),tl>) = --(L x g)(e a ,e p )(e a -V ep ij,ij) + (fl(L x ij),ij) 



= -^(L x g)(e a ,ep)(e a -V ep ^) + A- ^ 

+fl(L x ^) + {(e a ■ tf) ® ^(^, 0a)^] U= 

= ~{Lxg){e a ,e^)(e a - V e/3 4>) + A ■ 

(3.14) +^x^) + {e a -^)®R N {d<t>{X),d4>{e a ))d yi , 
from which we have 

1 

(3.15) +((e a • ^) ® R N {d4>{X), d(f)(e a ))d yi ,4>). 
The last term in the above equality can be calculated as follows 

((e Q -^)<g> #(e«))fy,^) = {e a -^\^){R N {d y m,d y i)d y i,d yj )X{(i> m )^ a 

= (V0'-^>iW^(<F) 

= 2(i J R%(^,V0 / -^)9 J/fe ,#(X)) 
(3.16) = 2(^(0, 

Thus, we have 

(L X (#),V> = -i(L^)(e a ,e /3 )(e a -V e ^,^) + ( J p(L x ^),^) 
(3.17) +2(^(0, ^),#(X)). 



Finally, we have 



1 



L x ((pip,ij)v g ) = --{L x g){e a ,ep)(e a ■ V e ^,ip)v g + (fl{L x ifj),ifj)v : 
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(3.18) +2 W, V), d<f>{X))v g + (flip, L x ^)v g + l -(fllj, V) (L*<7, <?K- 
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Proof of Theorem 1.1. Assume that X is a conformal vector field: L x g = 2fg, 
and (0, ip) is a Dirac-harmonic map: r(0) = TZ((/),ip), pip = 0. Then from ( 13. 18f) 
we have 

L X «#,VK) = -f(fliP^)v 9 + (fl(L x ^)^)v g 
+2(n{<t>^),d<t>{X))v g 

(3.19) = (RLx$),f)v g + 2(K(<t>rf),d4{X))v B . 

From Lemma 2.1, we have 

L x {\dxf>\\) = 2(d<f>,V(d4>(X)))v g + f(g,S 4> )v g 

n — 2 

(3.20) = 2(#,V(#(X)))^ + — /|#|\. 
Combining (l3A9l and (I3T201 yields 

r/Lxft = / T] {]p(L x ^)^)v g + r ^ I nf\d4\\ 

M JM 1 JM 

(3.21) +2 [ V (d<p, V(d<P(X)))v g + 2 [ V (K{<l>,il>),d<i>(X))v g . 

JM JM 

Note that 

ri(d<f),V{d<j){X)))v g = / V (d(f){e a ),Ve a {d(j)(X)))v g 

M JM 

V e Md4>(e a ),d4>(X)))v g - [ (d^V V ),d^X))v g 

M JM 

- [ 77(V ea #(e a ),#(X)}^ 



(3-22) = - / (#(Vt7),#(X))^- / v (T(c/>),d(f>(X))v g . 

JM JM 

Putting this into (I3.2ip . we obtain 

M JM - JM 

2 J (dcf)(Vr ] ),d<f>{X))v g -2 J n(r^)-n(M),d^(X))v g 
n — 2 f 

v (^Lxif) t ^)v g + -— / vf\d<P\\ 

M z JM 



(3.23) -2 / (d<p(V V ),d<p(X))v g . 

JM 



But 



V (^(L x ^)^)v g = / (LWs^)H 

(L x if), V?7 • V» + rifl4>)vg 

M 

(3-24) = / (L x il;,V V -iP)v g , 

JM 
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therefore, 

/ V L x n = [ (L x ij,\7r r ?P)v g + 1 ^-^ [ r)f\d(f>\ 2 v g 
Jm Jm a Jm 

(3.25) -2 / (#(V7?),#P0K. 
Using the equation (\lA\i , i.e., pip = 0, we have 

(3.26) -/ dr l Ai x VL = - i dn A %x{\d(j)\ 2 Vg). 

Jm Jm 

Putting (13T251) and <K26t) into (E2]) yields 



n - 2 
2 



r//|#| 2 = 2/ (d<j>(V V ,d(f)(X))v g - / (L^V^VH 
m Jm Jm 



(3.27) - / (^Az x ^)|d0| 2 . 

Jm 

(1) M = W n ,M n (n > 3): For any R > 0, choose a cut-off function r/^ such that 
< r] R < 1, 

' 1 

M\£? 2R , 



and |r/^| < 2/i2. Inserting this into (13.271) yields 
n - 2 



wi#r < <?[/ (i^ + i#ii^ + hiwi)] 

M JB 2R \B R 



(3.28) < C / (|^ + |V,| 4 +|V^|3). 

Now in the previous formula letting i? — > +oo and using the finiteness of the 
energy, we have 

Jm 

which implies <fi = const, for / > 0. 

Now we fix coordinates at <p(M). Then from the ^-equation: pif) = we 
have 

#' = 0, / |^| 4 <oo, i = 1,2,- ■■ ,n. 



JM 

Denote f := ^, then f G T(SM) and 

(3.29) ^ = 0, / 1^1 

Jm 



4 < oo. 



By the Weitzenbock formula 

1 

2 L| " 1 " ^ I 



Ia\^ = \^\ 2 + ]r m \^\ 2 , 



we have 

m 2 >-c\z\ 2 , 

where Rm is the scalar curvature of M. 
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By a Morrey-type estimate (see e.g. |9], Theorem 5.3.1), we conclude that for 
any Xo G M and p > 0, 

hence £ = on M. We have proved the theorem for the euclidean and hyperbolic 
case. 

(2) M = & n {n > 3,r > r ) : For any i? >> 1, choose a cut-off function rj R as in 
(1), and another cut-off function ( e such that 



B ro+£ , 

1 M\B ro+2£ , 



and |dCe| < 2/ e - The functions g?77# and ci^e are supported in B 2 iJ \ Br and 
5 ro+2e \ £> ro+£ respectively. Using r\ = t)r( e in (13.271) . similar to (13.281) . we have 

n-2 



f\d<t>\ 2 < c[ (|rf0| 2 + |^| 4 + |v^|3; 

BR\B rQ +2£ J B 2 r\B r 



2 

|2 i L/.|4 



(3.30) +/ (|d0|^ + [Vr+|V^|a)]. 

Letting — > +oo and e — > 0, we obtain 

M 

which implies <fi = const. Similar to (1), we then conclude that ip = on M. This 
completes the proof of Theorem 1.1. Q.E.D. 



Proof of Theorem 1.2. Denote 

Q c := (|rf0| 2 + (V, #) - ii?^(#,^')(^,^))^- 
Similar to (13.21) we have 

(3.31) / 7]L x n c = - [ drjAixttc- 

J M J M 

As for the left hand side of this equality, from ( 13.181) and the conformality of the 
vector field X, we have 

(3.32) + L^)^ + (n - !)/(#, 



14 Q. CHEN, J. JOST AND G. WANG 

Using (13. 4p and the conformality of X again, we have 



2 



~Rikji{L x ^\^){^ h ^ l )v g 

® L x d y i,R m uM\ tfj W) 

(3.33) -^nfR lkjl (tP\^)(ij k ,ij l )v g . 
Recall fl3T20|) : 

L x (\d4>\ 2 v g ) = 2(d<f>,V(d(t>(X)))v g + f(g,S (j ,)v 9 

n — 2 

(3.34) = 2<#,V(#(X))K + — /|#|V 
Noting that 

(p{L x i;),r]i;)v g = [ (L x if>, Vrj ■ $ + np^)v g 

M J M 



(3.35) = / (L x i>,Vv^)v g + / (L x ^, V piP)v 



9i 

M J M 

and recall fl3T22|) : 
(3.36) 

77<#,V(#pO)H = - / (d<l>(Vv),d<l>(X))v g - [ 7i(r{<f>),d^{X))v g> 
M Jm Jm 

Combining fl3.32p - fl3.36l) . and using the Euler-Lagrange equations (12. ip and (12. lip , 
we obtain 

V L x n c = ^/ vf\d<P\\ + (n-l) [ V f(piP^)v g 
m A Jm Jm 

-j [ r ) fRik j i(i> i ,i> j )(i> k ,ip l )v g + [ (L x ij,V V -ij)v g 
o Jm Jm 

(3.37) -2 / (#(V77),#pT))v 

On the other hand, the right hand side of (13.311) 

-/ d V Ai x Q c = -/ (dr ? A^O(|#| 2 + {lpil)^)-\Ri kj M\^)^ k ^ 1 )) 
Jm Jm " 

(3.38) = -/ (rfr / A^)(| C /0| 2 + ^ 7 (^,^)(^,^))- 

Putting (I3.37P and (13.381) into (13.311) . and using the same argument as in the 
proof of Theorem 1.1, we have 

n — 2 

" ' f\d(j>\\ + in -I) I f(W>,il>)v g 
m Jm 

(3.39) ~f fR ikjl (i/> i ,i/>i)(i/> k ,tf)v g = 0. 

Jm 



LIOUVILLE THEOREMS FOR DIRAC-HARMONIC MAPS 



15 



Substituting the -^-equation (12.1 p into it, we obtain the following equality: 



Denote := (if) 1 , if) 3 ). The symmetric matrix (a^) is semi-positive, therefore 
we can write 



where (by) is a real n' x ml matrix. Set V := (b\ p , b2 P , • • • , b n > p ), then 
Rikji(ip\ip J )(ip k ,ip l ) = Rikjidijdki 

Rikjlbi p bj p bkqblq 

= R(b p ,b q ,F,b q ). 

Using the assumption that N has positive sectional curvature and noting that 
/ > 0, we immediately conclude that is constant and if) vanishes. This completes 
the proof of Theorem 1.2. Q.E.D. 
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